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Mixed boundary-value problems for the heat equation are considered. The
Ž xdiffusion coefficient is small, i.e., it is multiplied by a parameter « g 0, 1 . The
coefficients in the equation are discontinuous at some points. We confine our
attention to the case in which at these points heat capacity is concentrated. First,
Žsome properties of the solution regularity, large-time behavior, estimates for the
.derivatives are studied. Then, we show that it is impossible to achieve uniform
convergence on the discrete maximum norm of difference schemes on classical
meshes. For the problems described we construct grid approximations based on
Ž .standard weighted difference schemes and condensed Shishkin's mesh. We prove
Ž y2 2 ms .the «-uniformly O N log N q t order of convergence for the error in the
discrete solution. Here N is the number of the nodes in the space mesh, t is the
time step, and 1 F m F 2 is a weight parameter. Q 1999 Academic Presss
1. INTRODUCTION
Formulating boundary value problems for elliptic and parabolic second-
Ž .order equations with discontinuous coefficients conjugation interface
conditions on the interface are stated. Their form is determined by specific
features of the physical contact of the heterogeneous media and interac-
tions of the physical contact of the fields on the interfaces. One interesting
class of parabolic problems is model processes in heat-conduction media
w xwith concentrated capacity 9 , for which the interface conditions can be
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written as follows:
› u
w x w xu s 0, w s C t . 1Ž . Ž .G G
› t G
Ž .Here u is the solution temperature , and w is the heat flow. Not leaving
out the frame of the linear theory, such a nonstationary process can be
described by the parabolic equation
› u
xc x , t q Mu s f x , t , x , t g G s D = 0, T , D s 0, 1 ,Ž . Ž . Ž . Ž .ŽÄ
› t
2Ž .
Ž . Ž . Ž . Ž .where c x, t s c x, t q C t d x y j is the heat capacity coefficient,Ä
Ž .0 - c F C t F c is the ``concentrated heat capacity,'' and0 1
› › u
Mu ’ y k x , t q q x , t u. 3Ž . Ž . Ž .ž /› x › x
Here d is the delta-Dirac function, and
0 - c F c x , t F c , 0 - k F k x , t F k ,Ž . Ž .0 1 0 1
4Ž .
0 F q x , t F q , on G.Ž . 1
Ž . Ž .Using a basic property of d , it is easy to see that Eq. 2 with 3 is
Ž . Ž . Ž . Ž .equivalent to 2 for x f G 3 , where c x, t stands instead of c x, t andÄ
Ž . w x1 is fulfilled. Also, w ’ k › ur› x and ? is the jump on G. For the later
Ž . < 4analysis it is sufficient to assume that G s x, t x s j , 0 - t F T .
Boundary and initial conditions are specified:
w xu 0, t s c t , u 1, t s c t , t g 0, T , 5Ž . Ž . Ž . Ž . Ž .0 1
u x , 0 s w x , x g D. 6Ž . Ž . Ž .
We shall also study the case in which a capacity on the boundary x s 0 or
Ž .x s 1 or both is concentrated:
› u 0, t › u 0, tŽ . Ž .
l u ’ C t y k 0, t s c t ,Ž . Ž . Ž .0 0 0› t › x
C t ) 0, 0 - t - T , 7Ž . Ž .0
› u 1, t › u 1, tŽ . Ž .
l u ’ C t q k 1, t s c t ,Ž . Ž . Ž .1 1 1› t › x
C t ) 0, 0 - t - T . 8Ž . Ž .1
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Boundary conditions that involve time derivatives are often referred to as
Ž .nonstationary or dynamical . Parabolic problems with such conditions
w xmodel phenomena in fluid dynamics, chemistry, etc.; see the review in 5 .
In this paper our attention is focused on the case in which the heat
Ž . 2 Ž .coefficient is of second order small, k x, t [ « k x, t , and the heat
Ž . Ž .capacity is of first order small, C t [ « C t . Then the interface condition
Ž .1 takes the form
› u › u
« k s C t . 9Ž . Ž .
› x › t GG
w x Ž Ž . Ž . Ž . .As discussed in 20 for classical problems C t ’ 0, C t , C t s 0 , if0 1
Ž . Ž .the parameter « does not enter into the boundary conditions 7 , 8 , no
Ž . Ž . Ž .boundary layers appear in practice. So we take k 0, t [ « k 0, t , k 1, t
Ž .[ « k 1, t .
To make things clearer but to include all factors, we shall consider in
Ž . Ž .more detail the equations 1 , 2 subjected to left Dirichlet boundary
Ž . Ž .conditions 5 and right dynamical boundary condition 8 . We shall refer
Žto this problem as DDCCP the Dirichlet]dynamical]concentrated capac-
.ity problem .
Recently, many papers have included singularly perturbed parabolic
equations with smooth coefficients. «-Uniform convergence for finite
difference and finite element approximation of these problems is studied
w x11]14, 18]21 . Nevertheless, for singularly perturbed problems with dis-
Ž .continuous coefficients and concentrated factors delta functions , only a
Ž w x.few contributions have been made see 19, 21 . In the present paper the
one-dimensional heat equation with concentrated capacity in the inside of
the domain is considered. When the heat coefficient becomes small,
boundary layers arise and interior layers appear in neighborhoods of the
w x Ž .interface 22, 23 here concentrated capacity . Other difficulties must be
Ž .overcome when dynamical or Neumann boundary conditions are posed,
w xwhere it is also required to find the space derivatives numerically 20 ..
The Dirichlet problem for perturbed parabolic equations with discontin-
w xuous coefficients and concentrated factors is studied by Shishkin 19]21 ;
w xpaper 19 also concerns concentrated capacity. The meshes used there are
too complicated for numerical realizations. Later Shishkin simplifies these
w xmeshes 11]13, 20, 21 , and currently the so-called Shishkin's condensed
meshes are the most used in theory and numerical calculations.
The remainder of this paper is organized as follows. In Section 2 the
regularity of the solution to the DDCCP is discussed. The large-time
behavior of the solution is studied. This result is used in Section 3 to study
the numerical solution on classical meshes. Estimates for the solution
derivatives of exponential type are established. In Section 3 the numerical
solution on classical and Shishkin's meshes is studied. We introduce a
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special norm that corresponds to the DDCCP. This allows us to sym-
metrize the discrete problem and to apply the abstract operator theory
w x Ž y2for the stability of difference schemes 15, 16 . Then, «-uniformly O N
2 ms .log N q t the order of convergence for the error in the numerical
solution is proved on Shishkin's meshes. Numerical experiments that
confirm the theoretical results obtained in the present paper are given in
w x3 .
2. SOME PROPERTIES OF THE DIFFERENTIAL
PROBLEM SOLUTION
2.1. Regularity of the Solution of DDCCP
Ž .Without loss of generality we set c x, t ’ 1. Moreover, it is convenient
to divide the set G into two sets,
1 2 1 1 2 2x xG s G j G , G s D = 0, T , G s D = 0, T ,Ž Ž
1  4 2  4where D s x: 0 - x - j , D s x: j - x - 1 .
k , l Ž . Ž .We introduce the set Q k, l-integers of functions w x, t , which are
jcontinuous on G and have on G , j s 1, 2, continuous derivatives up to
order k with respect to x and up to order l with respect to t. We shall call
k , l Ž . Ž .a function u g Q k G 2, l G 1 satisfying the differential equation 2
j Ž . Ž .on G , j s 1, 2, the boundary conditions 5 , 8 and the conjugation
Ž .condition 1 the classical solution of the DDCCP. This solution belongs to
kqa , lqa r2 Ž .the Holder space H , 0 F a F 1 see Theorem 1 .È
The rate of convergence of the difference solution depends on the
w xdifferentiability properties of the differential solution 7, 17 . If we want
the DDCCP solution to be continuous up to the boundary and the
interface, it is necessary to require zero-order compatibility conditions,
w xw 0 s c 0 , w s 0.Ž . Ž . xsj0
The first-order compatibility conditions concern the continuity of the
derivatives › ur› t, › ur› x, › 2 ur› x 2 up to the boundary and the interface
› k 1, 0Ž .
X YC 0 w 1 q k 1, 0 w 1 y q 1, 0 w 1 q f 1, 0Ž . Ž . Ž . Ž . Ž . Ž . Ž .1 ž /› x
dXXq k 1, 0 w 1 s c 0 , ’ ,Ž . Ž . Ž .1 dx
› k 0, 0Ž .
X YÇc 0 s w 0 q k 0, 0 w 0 y q 0, 0 w 0Ž . Ž . Ž . Ž . Ž . Ž .0 › x
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d
q f 0, 0 , ?’Ž .
dt
› k j " 0, 0Ž .
X X Yw xkw s C 0 w j " 0 q k j " 0, 0 w j " 0Ž . Ž . Ž . Ž .xsj ž › x
ts0
yq j " 0, 0 w j " 0 q f j " 0, 0 .Ž . Ž . Ž . /
The compatibility conditions of higher order can be obtained by differenti-
Ž .ating Eq. 2 and the corresponding boundary and interface conditions.
w xThe study of classical solutions to DDCCP can be performed 8, 10 in
Ž .two stages: at first we construct a generalized weak solution of the
Ž .DDCCP, and then establishing at some conditions its smoothness, we
Ž .show that it is a classical strong solution.
2 Ž .Let L D be the Hilbert space with norm generating by the scalarj
Ž .product as a Stieltjes integral ,
12¤ , w L ’ ¤w dj x s ¤ , w q C¤ j w j ,Ž . Ž . Ž . Ž . Ž .Hj
0
10Ž .
x , 0 F x F j ,1
¤ , w ’ ¤w dx , j x sŽ . Ž .H ½ C q x , j F x F 1,0
and L2 by the scalar productj , C1
¤ , w L2 s ¤ , w L2 q C ¤ 1 w 1 , 11Ž . Ž . Ž . Ž . Ž .j , C j 11
where C, C are positive constants. Now, we define1
T
2 25 5 5 5¤ s ¤ dt.L ŽG. H Lj j
0
p p p, q p, q w xFor Sobolev spaces we use the notations W s H , W s H 8, 10 .2 2
2 Ž . Ž . Ž . 1Ž . Ž . 1, 0Ž .Let k, q g L G , C t , C t g H 0, T . A function u x, t g H Gj 1
Ž . Ž . 2Ž .is said to be a weak solution of DDCCP if u j , t , u 1, t g L 0, T and
satisfies
› ¤ ›T 1
y u dx y u j , t C t ¤ j , tŽ . Ž . Ž .Ž .H Hž › t › t0 0
› u › ¤1 1
q k dx q qu¤ dx dtH H /› x › x0 0
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›T
y ¤ 1, t c t q u 1, t C t ¤ 1, t dtŽ . Ž . Ž . Ž . Ž .Ž .H 1 1ž /› t0
1
s w x ¤ x , 0 dx q C 0 w j ¤ j , 0 q C 0 w 1 ¤ 1, 0Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .H 1
0
T 1
q f x , t ¤ x , t dx dt ,Ž . Ž .H H
0 0
;¤ g H 1, 1 G , ¤ x , T s 0, ¤ 0, t s 0.Ž . Ž . Ž .
Ž . 2 Ž . 2 Ž .THEOREM 1. i If k, q, f g L G , w g L D , then the DDCCP has aj j
1, 0Ž .unique solution u g H G , which satisfies the inequality
5 51 1, 0 5 5 2 5 5 2u F K w q f ,Ž .H ŽG. L ŽD . L ŽG.j j
where K is a constant that does not depend on w and f.
Ž . Ž .ii In addition to i , let
3qa , 2qa r2 Ž j. 2qa , 2qa r2 Ž j.k g H G ; q , f g H G ;Ž .ž /j
3qa Ž j.w g H D ; j s 1, 2;Ž .
1qa r2 w xC t , c t , c t g H 0, T ; 0 - a - 1,Ž . Ž . Ž . Ž .1 0 1
satisfying the compatibility conditions up to fourth order. Then u g Q4, 2.
Ž .Proof. The proof of i can be obtained by the Fourier method. For
ease of exposition, we assume that the coefficients k, q, C, C do not1
depend on t. Then the solution is expanded by the Fourier series
‘
u x , t s T t ¤ xŽ . Ž . Ž .Ý k k
ks1
1, 0Ž . Ž .convergent in H G . Here ¤ x are the eigenfunctions of the spectralk
problem
XXk x ¤ y l 1 q q x q Cd x y j ¤ s 0Ž . Ž . Ž .Ž . Ž .
¤ 0 s 0, k 1 ¤ X 1 s ylC ¤ 1Ž . Ž . Ž . Ž .1
and
‘ ‘
T t s w ¤ x , f x , t s f t ¤ x ,Ž . Ž . Ž . Ž . Ž .Ý Ýk k k k k
ks1 ks1
where
w s w , ¤ 2 , f t s f x , t , ¤ x 2 .Ž . Ž . Ž . Ž .Ž .L Lk k k kj ,C ŽD . j , C ŽG .1 1
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Ž .ii Now, using the smoothness of the coefficients k, q, f and the
Ž .compatibility conditions, one can prove that the solution in i is also from
4, 2 w xQ 8, 10 .
2.2. Large Time Beha¤ior of the Solution
One way to gain insight into boundary layer and transition layer phe-
nomena of a evolution problem is to reduce the question to a stationary
problem. For this we prove the following theorem:
Ž . Ž . 1 Ž . Ž . 0Ž . Ž . Ž .THEOREM 2. Let k x, t s k x g Q d , q x g Q D , f x, t s f xj j
0Ž . Ž .g Q D , and ¤ x is the classical solution of the problem
dX XX jM¤ s y k x ¤ q q x ¤ s f x , x g D , j s 1, 2, ’ ,Ž . Ž . Ž .Ž .
dx
w X xk¤ s 0, x s j
¤ 0 s 0, a 1 ¤ X 1 s 0.Ž . Ž . Ž .
Ž . Ž .When on a segment I ; a, b , q x F q - 0, we suppose for the first0
Ž . Ž .eigen¤alue m of the spectral problem 11 below that m F 1. Then u x, t “1 1
Ž .¤ x as t “ ‘ uniformly on x g D.
Ž . Ž . Ž .Proof. Setting u x, t s w x, t q ¤ x , we get for w a homogeneous
Ž .f ’ 0 problem of the form DDCCP. Let us introduce the energy,
1E t s w , w .Ž . Ž .w 2
Then, by a standard technique it is easy to obtain
dE H1qw2 dx1 1 1w 0X 2 X 22s y kw dx y qw dx s y kw dx 1 q .H H H X 21ž /dt H kw dx0 0 0 0
 < 2 Ž . 4On the set of functions H s y y g Q , y 0 s 0 , we define the function-j
als
1 2 E t 1 H1qy2 dxŽ .y 0s max , s max .X 2 X 21 1l mygH ygHH ky dx H ky dx0 0
It remains to prove that the solutions of these variational problems are
Ž Ž . .the first eigenvalues and for m when q x changes its sign of the spectral
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problems:
XXky q l y s 0,Ž .
Xw xky s lCy 12xsj Ž .
Xy 0 s 0, k 1 y 1 s lC y 1 ;Ž . Ž . Ž . Ž .1
XXky y mqy s 0,Ž .
13Ž .Xy 0 s 0, y 1 s 0.Ž . Ž .
At first we prove that the functionals I , I are upper bounded on H.1 2
Indeed, this follows from the arguments
Ž . Ž .i standard Poincare]Friedrichs inequality for a function w x gÂ
1Ž .H D
Ž .ii the inequality
2 2 2X2 5 5 5 5w z F w q 2n w ,Ž . L Ž0 , 1. L Ž0 , 1.2 2n
Ž . 1Ž . Ž x w x Ž w x.which holds for each w z g H 0, 1 , n g 0, 1 , and z g 0, 1 see 10 .
Furthermore, let us denote
1 1X 2I y s 2 E t , I y s I y s ky 2 dx , I s by dx.Ž . Ž . Ž . Ž . H H11 y 12 21 22
0 0
Then, the Euler]Lagrange equations of I are found from1
1
d I y d I s 0, 14Ž .11 12l
where d is the first variation derivative. We calculate d I as follow:11
d 1 jyr 1X X X X X X<d I s k y q rh dx s 2 lim kyn dx q kyn dxŽ .H rs0 H H2 ž /dr r“00 0 jqr
1 XX Xw xs yn ky y ky n dx ,Ž .xsj H
0
2Ž . Ž . Ž .where n g C 0, 1 is an arbitrary function with n 0 s n 1 s 0. After
Ž .calculations of d I and inserting d I , d I in 14 we obtain2 1 2
1 XX Xw xn ky q l y dx q ky y lCy j n j s 0.Ž . Ž . Ž .Ž . Ž .xsjH
0
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Since n is arbitrary apart from the continuity and boundary conditions
Ž .requirements, we must have 12 . In a similar way one can prove that m is
Ž . Ž .the first eigenvalue of problem 13 . A problem similar to 12 is consid-
w xered in 2 , and it is proved there that the spectrum is positive and discrete,
with 0 - l - l - ??? , so that1 2
1 X 2y kw dx F y2l E t . 15Ž . Ž .H 1 w
0
Ž . Ž .Usually q G 0. Then, it follows from 13 , 15 that
E t F exp yat E 0 , a s 2l. 16Ž . Ž . Ž . Ž .w
Ž . Ž .When q x changes its sign we can suppose that q x F q - 0 on D.0
Ž .Then the spectrum of 13 is discrete and positive: 0 - m - m ??? .1 2
Ž . Ž .Therefore, 16 is fulfilled with k s 2l 1 y m ) 0 when m - 1. From1 1 1
Ž .16 we conclude that
t“‘ 6Ä Ämax w x , t F K exp yKt E 0 0, K s constant.Ž . Ž . Ž .
D
This completes the proof.
Remark 2.1. The sign change of q reflects the asymptotic expansion of
w xthe DDCCP solution 6, p. 42 . In the present paper we restrict ourselves
to the classical case q G 0.
2.3. Asymptotic Expansion of the Solution
The next theorem gives estimates for the derivatives of the solution
Ž .u x, t of the DDCCP.
THEOREM 3. Let the coefficients and right-hand sides in DDCCP satisfy
Ž .the assumption ii in Theorem 1. Then the solution u of DDCCP admits the
decomposition u s V q W, where for all k and l, 0 F k F 2n, 0 F l F n,
n F 2 is an integer, the regular component V satisfies
kq l› V x , tŽ .
F M , x , t g G and G , 17Ž . Ž .1 2k l› x › t
and the singular component W satisfies
kq l› W x , t MŽ .
F e x , t , b , x , t g G and G , 18Ž . Ž . Ž .1 2k l k› x › t «
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for some constant M independent of « . Here
¡ b x b j y xŽ .
exp y q exp y ,ž / ž /ž /« «
x , t g G ,Ž . 1~ b x y j b 1 y xŽ . Ž .e x , t , b sŽ .
exp y q exp y ,ž / ž /ž /« «
1
x , t g G , 0 - b F .Ž . 2¢ 2Tk' 1
Proof. The smooth component V can be decomposed in the form
1 1V x , t if x , t g G ,Ž . Ž .
V s V q R , V x , t sŽ .2 nq1 2 2½ V x , t if x , t g G .Ž . Ž .
l l 2 n i l lV , l s 1, 2 are expressed by the series V s Ý « V , i s 1, 2, and V areis0 i i
solutions of the following problems:
l› V x , tŽ .i l l lq q x , t V x , t s F x , t , x , t g G , l s 1, 2,Ž . Ž . Ž . Ž .i i› t
l l lV x , 0 s f x , x g D ,Ž . Ž .i i
l› › V x , tŽ .iy2l l lF x , t s f x , t , F s 0, F s k x , t ,Ž . Ž . Ž .0 1 i ž /› x › x
i s 2, . . . , 2n
f l x s w x , f l s 0, i s 1, . . . , 2n.Ž . Ž .0 i
lSince these problems do not depend on « , then all V are uniformlyi
bounded together with its derivatives.
The singular component W can be expressed as
1 1W x , t if x , t g G ,Ž . Ž .
W x , t sŽ .
2 2½ W x , t if x , t g G ,Ž . Ž .
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where
x j y x
1 1, 1 1 1, 2 1 1 1W X , T s Q u , t q Q u , t , u s , u s ,Ž . Ž . Ž .1 2 1 2« «
x y j 1 y x
2 2, 1 2 2, 2 2 2 2W x , t s Q u , t q Q u , t , u s , u s .Ž . Ž . Ž .1 2 1 2« «
Here Q1, 1, Q2, 2, Q1, 2, and Q2, 1 present, respectively, the boundary layers
on the left and on the right and the interior layers on the left and on the
right of the interface. Ql, k, l, k s 1, 2, can be expressed by the series
Ql, k s Ý2 n « iQl, k, where Ql, k are solutions of the problemsis0 i i
› Ql , k u l , t › › Ql , k u l , tŽ . Ž .i k i kl , ky k x , tŽ .0l lž /› t ›u ›uk k
q q x l , k , t Ql , k u l , t s F l , k ,Ž . Ž .0 i k i
F l , k s 0, u l g 0, ‘ , 0 - t - T ,Ž .0 k
Ql , k u l , 0 s Ql , k ‘, t s 0, Ql , k 0, t s C l , k t ,Ž . Ž . Ž .Ž .i k i i i
x1, 1 s 0, x1, 2 s j y 0, x 2, 1 s j q 0, x 2, 2 s 1,0 0 0 0
jl j l , k l , k li › u › k x , t › Q u , tŽ . Ž . Ž .k 0 iyj kŽ .ky1l , k jF s y1Ž .Ýi l j lž /›u j! › x ›už k kjs1
jl j l , ku › q x , tŽ . Ž .k 0 l , k ly Q u , t , i s 1, . . . , 2n ,Ž .iy j kjj! › x /
C1, 1 t s c t y V 1 0, t , C1, 1 t s yV 1 0, t , i s 1, . . . , 2n ,Ž . Ž . Ž . Ž . Ž .0 0 0 i i
C1, 2 t s F t y V 1 j , t , C2, 1 t s F t y V 2 j , t ,Ž . Ž . Ž . Ž . Ž . Ž .i i i i i i
C2, 2 t s F t y V 2 1, t , I , i s 0, . . . , 2n.Ž . Ž . Ž .i i i
Ž . Ž . 2 n i Ž . Ž . Ž . 2 n i Ž .Here u j , t s F t s Ý « F t and u 1, t s F t s Ý « F t . Tois0 i is0 i
Ž . l, kprove the estimates 16 we derive explicit formulas for Q . We begini
with Q1, 1. At first we change the variables,0
t1, 1 1, 1Ã ÄQ s Q exp yq t , q t s q 0, r dr , t s k t ,Ž . Ž . Ž . Ž .Ž .Ä Ä H0 0
0
tÄk t s k 0, r dr ,Ž . Ž .H
0
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to obtain the heat equation for which the solution can be written in
w x 1, 1explicit form 8, 10 . Then coming back to the variables Q , x, t we have0
‘2 exp yq tŽ .Ž .Ä
1, 1 1, 1 2Q x , t s C r exp q r exp yz dz ,Ž . Ž . Ž .Ž . Ž .ÄH0 0' ÄŽ .'p xr2 « k t
Ž .where r s r z is defined by the equation
x 2Ä Äk r s q k t .Ž . Ž .2 24« z
w xUsing the Green's function method 8, 10 , we get for i s 1, . . . , 2n
1, 1 1, 1 1, 1ÄQ x , t s Q x , t q Q x , t ,Ž . Ž . Ž .i 0 i
where
1, 1Q x , tŽ .i
2 2exp y x y z r4« k 0, t y k 0, tŽ . Ž . Ž .Ž .Ž .
2 2
‘exp yq t yexp y x q z r4« k 0, t y k 0, tŽ . Ž . Ž . Ž .Ž . Ž .Ä Ž .ÄŽ .k ts H H'2« p '2 k t y k t0 0 Ž . Ž .
= F 1, 1 t exp q t dz dt ,Ž . Ž .Ž .Äi
Ä1, 1 1, 1 1, 1 1, 1and Q is obtained from Q by replacing C with C . In a similar0 0 0 i
way one constructs the functions Q1, 2, Q2, 1, Q2, 2 corresponding to thei i i
variables u 1, u 2, u 2, respectively.2 1 2
l, k Ž .Now, inserting the formulas for Q in the interface condition 9 andi
Ž . XŽ . XŽ .the boundary condition 8 , one obtains for each of F t , F t , i s 1,i i
. . . , 2n a Volterra integral equation of second kind that has a unique
w x Ž .«-uniformly bounded solution 23 see Remark 2.2 . Furthermore, the
estimates follow directly from the above representations of Ql, k:i
mq s l , k› Q x , t MŽ .i lF exp ybu , x , t g G . 19Ž . Ž .Ž .k lm s m› x › t «
R is the remainder term and satisfies the estimates2 nq1
mq s› R x , tŽ .2 nq1 2 nq1ymF M« , x , t g G and G , 20Ž . Ž .1 2m s› x › t
which follow from the maximum principle for DDCCP, the expression of V
Ž . Ž . Ž .and W, and the estimates 19 . Now, estimates 17 , 18 follow immedi-
Ž . Ž .ately from 19 and 20 . This completes the proof.
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Ž . Ž . Ž . Ž l, j.Remark 2.2. Let q x, t ’ 0, k x, t ’ k x , and k s k x . Thenl, j 0
u l u l , 2 C l , j tŽ .tj j il , j lQ u , t s exp y dt ,Ž . Hi j 3r2ž /4k t y tŽ .2 p k 0 t y t' Ž .l , jl , j
Ž . Ž .and for F t and F t we obtain the following integral equationsi i
k q k k q k FX tŽ .t1, 2 2, 1 1, 2 2, 1 iXC t F t q F 0 q dt s G t ,Ž . Ž . Ž . Ž .Hi i i' ' 'p t p t y t0
F 0 s w j , F 0 s 0, i G 1.Ž . Ž . Ž .0 i
k k FX tŽ .t2, 2 2, 2 iXC t F t q F 0 q dt s S t ,Ž . Ž . Ž . Ž .H1 i i i' ' 'p t p t y t0
F 0 s w 1 , F 0 s 0, i G 1.Ž . Ž . Ž .0 i
Ž .In the expressions for G t participate the regular part V and its deriva-i
Ž .tives on the interface and F t , j - i. The same is true of the structure ofj
Ž .the expressions for S t .i
3. NUMERICAL SOLUTION
We introduce the uniform in time mesh,
w s t s jt , j s 0, 1, . . . , J , t s TrJ , 4t j
and the mesh on G,
G s w = w s x , t , i s 0, . . . , N , j s 0, . . . , J . 4Ž .ht h t i j
w xWe denote, as usual 15 ,
h q hi iq1j¤ s ¤ x , t , h s x y x , h s ,Ž .i i j i i iy1 i 2
¤ j y ¤ ji iy1j j j¤ s , ¤ s ¤ ,x , i x , i x , iq1hi
¤ j y ¤ j ¤ jq1 y ¤ jiq1 i i i jq1j j j¤ s , ¤ s , ¤ s ¤ ,x , i t , i t , i t , iÃ thi
Ž .sj jq1 j¤ s s ¤ q 1 y s ¤ , 0 F s F 1.Ž .Ž .i i i
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Furthermore, we shall use the discrete analogs of the scalar products
Ž . Ž .defined in 10 , 11 ,
my1 Ny1
j j j j jq1r2 j j j j jq1r2 j jy , ¤ s y ¤ h q C y ¤ q y ¤ h q C y ¤ ,Ž Ý Ýi i i m m i i i 1 N NC , C1
is1 ismq1
jq1r2C s « C t q 0.5t q h ,Ž .j m
hNjq1r2C s « C t q 0.5t q ,Ž .1 1 j 2 21Ž .
Ny1 N
j j j j j j j jy , ¤ s y ¤ h , y , ¤ s y ¤ h ,Ž . ŽÝ Ýi i i i i i
is1 is1
Ny1 hNj j j j j jy , ¤ # s y ¤ h q y ¤ ,Ž Ý i i i N N2is1
and arising from them norms
j j j j j j j j j5 < 5 5 5 <'y s y , y , y s y , y , y s y , y ,'Ž .'Ž ŽC , C C , C1 1
j j j5 <y # s y , y # .'Ž
Furthermore, we introduce the discrete maximal norm
j
‘5 5 < <y s max yL ŽG . ih ht
Ž .x , t gGi j ht
and the energy norm
j j j5 <y s A t y , y .Ž .Ž . 'žA t , C , C jj 1 C , C1
3.1. Difference Schemes
To solve numerically the problem DDCCP we propose the following
weighted difference scheme on the mesh G s w = w , which is uniformht h t
with respect to a time variable and possibly nonuniform in a space
variable. The right choice of the mesh will be discussed later.
Ž . Ž .sjq1 sjq1h 2 j j j j jq1r2L U s U y « a U q q U s f ,Ž . Ž .Ž .i t , i x i i ix , iÃ
i s 1, . . . , N y 1, i / m , 22Ž .
h hŽ . Ž .sjq1 m m sjq1h 2 j j j jL U s U y « a U q q UŽ . Ž .Ž .m t , m x m mx , mÃjq1r2 jq1r2C C
hm jq1r2s f , 23Ž .mjq1r2C
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1 hŽ . Ž .sjq1 N sjq1h 2 j j j jL U s U q « a U q q UŽ . Ž .Ž .N t , N N x , N N Njq1r2 jq1r2C 2C1 1
h f jq1r2 «c jq1r2N N 1s q , 24Ž .jq1r2 jq1r22C C1 1
U jq1 s c jq1 , U 0 s w , w s w x ,Ž .0 0 i i i i
a j s k x y 0.5h , t , q j s q x , t , 25Ž .Ž . Ž .i i i j i i j
h f x y 0, t q 0.5t q h f x q 0, t q 0.5tŽ . Ž .i i j iq1 i jjq1r2f s .i 2hi
3.2. Stability
Ž . Ž .The scheme 22 ] 25 can be written in operator form,
B t U j q A t U j s F j, U jq1 s c jq1 , U 0 s w ,Ž . Ž .j t j 0 0 i i
where
j2 j j¡y« aU q q U ,Ž .x i ix , iÃ
i s 1, . . . , N y 1, i / m ,
h hm mj2 j jy« aU q q U ,Ž .x m mx , mÃjq1r2 jq1r2j ~ C CA t U sŽ .Ž .j i i s m ,
1 hNj2 j j« aU q q U ,Ž .x N NNjq1r2 jq1r2C 2C1 1¢
i s N ,
and
hmj j j j jq1r2 j jq1r2B t y s y q ts A t y , F s f , F s f ,Ž . Ž .Ž . Ž .j i j i i m mjq1r2i i C
h «c jq1r2N 1j jq1r2F s f q .N Njq1r2 jq1r22C C1 1
Ž . Ž .The operator A t is positively definite in the scalar product 21 , andj
j j 2 j j j j j jA t y , ¤ s « a y , ¤ q q y , ¤ #. 26Ž .Ž . Žž žj x xC , C1
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The following theorem holds.
THEOREM 4. Let
1 1
s G y , 27Ž .
2 tlNy1
Ž .where l is the largest eigen¤alue of the operator A t . Then the differenceNy1 j
Ž . Ž .scheme 22 ] 25 is stable with respect to initial data. Let
1 1 y m
s G s s y , m ) 0. 28Ž .0 2 tlNy1
Ž . Ž .Then the scheme 22 ] 25 is stable with respect to the right-hand side.
w xThe proof is given in 2 .
Ž 2 2 .Remark 3.1. If q ’ 0 then l s O « rh . In this case, for example,Ny1
if « - h and t is sufficiently small, then s - 0 and an explicit scheme is0
Ž .also appropriate. However, it appears see Sections 3.3 and 3.4 that to
achieve «-uniform convergence the mesh should depend on « , and the
condition « - h cannot be fulfilled around the boundary and interior
layers. But, sufficiently far from the layers, this condition is fulfilled, so we
can combine an explicit]implicit scheme to solve DDCCP numerically.
The next lemma is a variant of the maximum principle and can be
w xproved in a standard way 11, 13 .
Ž . Ž . Ž .LEMMA 1. Let the conditions 4 be fulfilled and the scheme 22 ] 25 be
stable. Then the following estimate holds:
‘ ‘5 5 5 5U F M L U . 29Ž .L ŽG . L ŽG .hh ht h ht
Furthermore, we shall use the following estimate, which is a consequence
w xfrom the abstract theory for stability of difference schemes 16, p. 164 .
Ž . Ž .LEMMA 2. Let the difference scheme 22 ] 25 be stable. Then the
following estimate is ¤alid:
5 jq1 < xU Ž .A t , C , Cjq 1 1
k ky15 < 5 < 5 <x xF M w q max F q F .y1Ž . Ž .A 0 , C , C A t , C , Cž /t Ž .½ 51 k 1 A t , C , Ck 10FkFj
30Ž .
3.3. Noncon¤ergence «-Uniformly on Classical Mesh
In the next theorem some difficulties that appear when DDCCP is
solved by classical finite-difference schemes for small values of the param-
Ž .eter are described. Here it is convenient to take D s y1, 1 .
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THEOREM 5. Let for the coefficients and right-hand side of the DDCCP
Ž .the assumptions ii in Theorem 1 hold. Then for N, J “ ‘ the function
Ž . Ž .U x, t , x, t g G , which is the numerical solution of the DDCCP on theh
Ž .classical mesh G , does not con¤erge «-uniformly to the function u x, t .h
Proof. We begin with the stationary problem
y« 2 uY q u s f x , x g D1 j D2 , f x s 0, x g D1 ,Ž . Ž .
2f x s 1, x g D ,Ž .
31Ž .Xu y1 s 0, u 1 s 0,Ž . Ž .
Xw x w xu s 0, « u s 0.xs0 xs0
Ž .It is easy to derive the solution of 31 in closed form and to prove the
following estimates:
sinh2 1r«Ž .
max u x F u 0 s - 1, 32Ž . Ž . Ž .
cosh 2«Ž .D
1 sinh 1r« cosh 2r«Ž . Ž .
X X 6¤ 0 q y ¤ 0 y s ‘. 33Ž . Ž . Ž .
«“0« cosh 2r«Ž .
Ž .On the uniform mesh w we approximate 31 by the difference schemeh
2 Ž j.y« y q y s f , x g w , j s 1, 2,x x h
y x s y x , x s 0, y y1 s 0, y 1 s 0,Ž . Ž . Ž . Ž .x x x
where w Ž j., j s 1, 2, are uniform meshes on DŽ j., j s 1, 2, respectively.h
The exact solution of this problem is also available, and it is easy to show
that
max y x s y 0 “ ‘ as h “ 0, 34Ž . Ž . Ž .
when
« s O h . 35Ž . Ž .
Therefore,
max u x y y x “ ‘ as h “ 0. 36Ž . Ž . Ž .
Gh
Now, let us consider the DDCCP, where
k x , t s q x , t s 1, f x , t s 0, x , t g G1 ,Ž . Ž . Ž . Ž .
f x , t s 1, x , t g G2 ,Ž . Ž .
c t s 0, c t s 1, t G T ) 0.Ž . Ž .0 1 0
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Here T is a sufficiently large number. Applying Theorem 3, we conclude0
Ž . Ž .that u x, t “ ¤ x as t “ ‘ uniformly with respect to x. For the last
problem we use the difference scheme
2U y « U q U s f , x , t g G ,Ž .t x x h
U 0, t s U 0, t , U y1, t s 0, U 1, t s 0.Ž . Ž . Ž . Ž .x x x
w xThis scheme is asymptotically stable 14, 15 . Taking into account the
Ž Ž . y1 Ž . .asymptotic behavior for T “ ‘ and « s « h , « h s O 1 , h “ 0 of
Ž . Ž . Ž . Ž .the solutions u x, t , U x, t , and 34 ] 36 , we come to the relation
max u x , t y U x , tŽ . Ž .
Gh
G u 0, t y U 0, tŽ . Ž .
G ¤ 0 y y 0 y u 0, t y ¤ 0 y U 0, t y y 0Ž . Ž . Ž . Ž . Ž . Ž . 6
as ‘.
t“‘ , h“0
The theorem is proved.
3.4. Uniform Con¤ergence on Special Mesh
To achieve an «-uniformly convergent difference scheme, we introduce
on the set G a special grid, condensed on the boundary and interior layer:
 4w s x , x s x q h , i s 1, . . . , m q n s N , x s 0, x s j .h i i iy1 i 0 m
w x w x w xMesh steps of the grid w on the intervals 0, d , d , j y d , j y d , j ,h 1 1 1 1
w x w x w xj , j q d , j q d , 1 y d , and 1 y d , 1 are constants and are equal2 2 2 2
to h , h , h , h , h , and h , respectively, where1 2 1 3 4 3
4d 2 j y 2d 4d 2 1 y j y 2dŽ . Ž .1 1 2 2
h s , h s , h s , h s ,1 2 3 4m m n n
j 2« log m 1 y j 2« log n
d s min , , d s min , .1 2½ 5 ½ 54 b 4 b
The following theorem presents the main result of the paper.
THEOREM 6. Let for the coefficients and right-hand side of the DDCCP
Ž . Ž . Ž .the assumption ii in Theorem 1 hold, and let the conditions 27 , 28 be
fulfilled. Then the solution U of the discrete problem con¤erges «-uniformly to
the solution of the continuous problem and the estimate is ¤alid,
2, if s s 0.5,y2 2 ms‘5 5U y u F M N log N q t , m sŽ .L ŽG . sh ht ½ 1, if s / 0.5,
37Ž .
for some constant M independent of « , t , and N.
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Proof. If z jq1 s U jq1 y u jq1, then z jq1 is the solution of the follow-
ing problem:
jq1h jq1L z s c , i s 1, . . . , N , j s 1, . . . , J ,Ž . i i
z jq1 s 0, z 0 s 0.0 i
Since u can be decomposed into regular component V and singular
component W, u s V q W can have
4
jq1 jq1c s c , i s 1, . . . , N y 1, i / m ,Ýi i , l
ls1
where
jq1 jq1 j jq u q q ui i i ijq1 jq1r2 jq1r2< <c F q u yi , 1 i i 2
jq1 j jq1r2au q au › uŽ . Ž .x x ix , i x , iÃ Ã jq1r22 jq1q « y au q y uŽ .x t , ix , iÃ2 › t
k3 › u x , tŽ .i2F Mt maxÝ k› tt FtFt j jq1ks0
kq l2 2 › u x , tŽ .
2q max « , 38Ž .Ý Ý k l› t › xx FxFx 0iy1 iq1ks0 ls1
t FtFtj jq1
jq1 jq1jq1 2< < < <c s t s y 0.5 y qu q « auŽ . Ž .t , ii , 2 x t x , iÃ
k1 › u x , tŽ .i
< <F Mt s y 0.5 maxÝ kžž › tt FtFtj jq1ks0
kq l2 › u x , tŽ .
2q max « , 39Ž .Ý k l / /› t › xx FxFxiy1 iq1ls1
› › V jq1r2ijq1r2jq1 2 jq1r2c s « aV y k ,Ž .i , 3 x ix , iÃ ž /ž /› x › x
› › W jq1r2ijq1r2jq1 2 jq1r2c s « aW y k .Ž .i , 4 x ix , iÃ ž /ž /› x › x
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jq1 2Ž 0, jq1 w , jq1.Set c s « c q c ; we geti, 3 i, 3 x, i, 3Ã
jq1r2 2 2 jq1r2› V h › › Viy1r2 i iy1r2w , jq1 jq1r2 jq1r2 jq1r2 jq1r2< <c s a V y k q ki , 3 i x , i iy1r2 iy1r22 ž /› x 8 › x› x
j3 › V x , tŽ .jq1r22F Mh max , 40Ž .Ýi j› xx FxFxiy1 ijs1
j4 › V x , tŽ .jq1r20, jq1 2< <c F Mh max . 41Ž .Ýi , 3 i j› xx FxFxiy1 iq1js1
Ž . Ž . Ž . Ž .From the estimates 17 , 18 and the presentations 38 ] 41 , it follows
that
jq1 2 jq1 m 0, jq1 w , jq1 2 y2s< < < < < < < <c F Mt , c F Mt , c , c F M h F MN ,i , 1 i , 2 i , 3 i , 3 0 i
42Ž .
where M is a constant independent of « .
jq1 w .To find a bound for c on the interval 0, j , we consider two cases.i, 4
j j 2 « log m j b1. If d s then F . Therefore, « G , and the mesh on1 4 4 b 8 log m
Ž .the interval 0, j becomes uniform. So we have
j 24 › W x , t hŽ .jq1r2 ijq1 2 2< <c F M« h max F MÝi , 4 i 0j 2ž /› x «x FxFxiy1 iq1js1
F M Ny2 log2 N . 43Ž .Ž .
2« log m Ž . Ž .2. Let d s . On the intervals 0, d , j y d , j , the mesh is1 1 1b
Ž .uniform, and then, using estimate 18 and the value of h , we have1
j 24 › W x , t hŽ .jq1r2 1jq1 2 2< <c F M « h max F MÝi , 4 0 1 1j 2ž /› x «x FxFxiy1 iq1js1
F M Ny2 log2 N . 44Ž .Ž .
w xOn the interval d , j y d , we use the fact that1 1
j2 › W x , tŽ .jq1r2jq1 2< <c F M« max .Ýi , 4 j› xx FxFxiy1 iq1js1
Ž .Using estimate 18 we obtain
b x j¡ iy1
exp y , if x F ,ij ž /› W x , t M « 2Ž .jq1r2 ~max Fj j b j y x jŽ .› x «x FxFx iiy1 iq1 exp y , if x G .i¢ ž /« 2
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jIn the case x F , either x ) d or x s d . If the former is true, theni i 1 i 12
Ž . Ž . Ž .x G d , and so exp yb x r« F exp ybd r« F exp y2 log m siy1 1 iy1 1
my2 F MNy2. If the latter is true, then x s d , and so x s d y 4d rmi 1 iy1 1 1
8 log m y2 1r m 8Ž . Ž . Ž . Ž .and exp yb x r« s exp y2 log m exp F m m Fiy1 m
jy2 y2M m F MN . The same result is valid in the case x G . In a similar1 i 2
Ž .way such estimates can be obtained on the interval j , 1 . Therefore, it
Ž . Ž .follows from 43 , 44 that
< jq1 < y2 2c F M N log N . 45Ž .Ž .i , 4
On the interface x s j we have
4
jq1 jq1c s c ,Ým m , l
ls1
where
jq1 jq1 j jh q u q q um m m m mjq1 jq1r2 jq1r2< <c F q u ym , 1 m mjq1r2 2C
jq1 j2« h au q auŽ . Ž .m x xx , m x , mÃ Ã jq1r2q y auŽ .x x , mÃjq1r2 2C
jq1r2um jq1 2q y u F Mt , 46Ž .t , m› t
< <t h s y 0.5m jq1 jq1jq1 2 ms< <c s y qu q « au F Mt 47Ž . Ž . Ž .t , mm , 2 x t x , mÃjq1r2C
« 2 › V jq1r2my0jq1r2jq1 jq1r2c s yaV q kŽ .m , 3 x my0mjq1r2 ž › xC
h › › V jq1r2m my0jq1r2y kmy 0ž / /2 › x › x
« 2 › V jq1r2mq0jq1r2 jq1r2q aV y kŽ .x mq0mq1jq1r2 ž › xC
h › › V jq1r2mq1 mq0jq1r2y k .mq 0ž / /2 › x › x
HEAT EQUATION WITH CONCENTRATED CAPACITY 693
For the error c jq1 we setm , 3
c jq1 s « 2 c 0, jq1 q c w , jq1 ,Ž .m , 3 m , 3 x , m , 3Ã
where
jq1r2h › Vm my1r2jq1r2w , jq1 jq1r2c s aV y kŽ .m , 3 x my1r2mjq1r2 ž › xC
2 2 jq1r2h › › V hm my1r2 mjq1r2 jq1q k s h .my 1r2 m2 jq1r2ž / /8 › x› x C
Ž . Ž .Analogously, as in 40 , 41 we get
jq1 0, jq1 2 y2< < < <h , c F M h F MN . 48Ž .m m , 3 0 m
For the error c jq1 we have the estimatesm , 4
« 2 › W jq1r2my0jq1r2jq1 jq1r2c s yaW q kŽ .m , 4 x my0mjq1r2 ž › xC
h › › W jq1r2m my0jq1r2y kmy 0ž / /2 › x › x
« 2 › W jq1r2mq0jq1r2 jq1r2q aW y kŽ .x mq0mq1jq1r2 ž › xC
h › › W jq1r2mq1 mq0jq1r2y k .mq 0ž / /2 › x › x
Hence
2 2 j3M h « › W x , tŽ .0 m jq1r2jq1< <c F maxÝm , 4 jjq1r2 › xŽ . Ž .C xg x , x j x , xmy1 my0 mq0 mq1js1
2hmF M1 jq1r2« C
2hm y2 2F M F M N log N . 49Ž .Ž .2 2«
We observe that the error on the right boundary x s 1 can be presented
as
4




jq1 jq1 j jh q u q q uN N N N Njq1 jq1r2 jq1r2< <c F q u yN , 1 N Njq1r2 22C1
2 jq1 j« au q aux , N x , N jq1r2q y q aux , Njq1r2 2C1
jq1r2› uN jq1 2q y u F Mt , 50Ž .t , N› t
2< <t h s y 0.5 2«N jq1 jq1jq1 ms< <c s y qu y au F Mt , 51Ž . Ž . Ž .t , NN , 2 x t , Njq1r2 h2C N1
« 2 › V jq1r2Njq1 jq1r2 jq1r2c s yaV q kN , 3 x , N Njq1r2 ž › xC1
h › › V jq1r2N Njq1r2y k ,Nž / /2 › x › x
« 2 › W jq1r2Njq1 jq1r2 jq1r2c s yaW q kN , 4 x , N Njq1r2 ž › xC1
h › › W jq1r2N Njq1r2y k .Nž / /2 › x › x
We estimate the last two terms,
« 2
jq1 w , jq1c s c ,Ž .N , 3 N , 3jq1r2C1
where
< w , jq1 < 2 y2c F M h F MN , 52Ž .N , 3 0 N
and
2 2 j3« h › W x , tŽ .N jq1r2jq1< <c F M maxÝN , 4 0 jq1r2 jC › xx FxFxNy1 N1 js1
h2 h2N N y2 2F M F M F M N log N . 53Ž .Ž .1 2jq1r2 2C « «1
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Now we can decompose the error z s z jq1 in the form z s z 0 q zU ,
where z 0 is the solution of the following problem:
0 2 0L z s c q c q « c q c i s 1, . . . , N ,Ž .h i , 1 i , 2 i , 3 i , 4i
0 0, 0z s 0, z s 0, i s 0, . . . , N.0 i
Ž . Ž . Ž .So, from estimates 29 and 38 ] 53 it follows that
0 0 y2 2 ms‘ ‘5 5 5 5z F L z F M N log N q t . 54Ž .Ž .L ŽG . L ŽG .hh ht h ht
The second term zU satisfies
L zU s « 2c w s « 2u s « 2z , i s 1, . . . , N y 1, i / mŽ .h 3, x , i i x , ii Ã Ã
2« hmU 2 w 2L z s « c s « u s z ,Ž .h 3, x , m m x , mm Ã Ãjq1r2C
« 2 « 2
U w 2L z s c s « u s z ,Ž .h 3, N N NN jq1r2 jq1r2C C1 1
zU s 0, zU , 0 s 0 i s 0, . . . , N.0 i
Ž .Applying 30 , we obtain
U5 <z t q tŽ . Ž .A tqt , C , C1
X X2
X5 < 5 < Xy1 y1F M« max u t q u t . 55Ž . Ž . Ž .Ž .Ž .Ž .A t , C , C t A t , C , C1X 10Ft Ft
y1 Ž .We set c s A u and apply Green's formula and 26 to obtain
22
y15 < 5 <x xxu s c s c , u s c , z q c z s y c , zŽ Ž . ŽA , C , C A , C , C C , C x N N x1 1 Ã Ã1
MNy2
5 < xF c .A , C , C1«
Therefore
MNy2
y15 < xu F ,A , C , C1 «
Ž .and from 55 follows that
5 U < y2xz F M« N .A , C , C1
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w x Ž .Furthermore, using a classical embedding inequality, 16, p. 36 , and 26 ,
we obtain
M2w w w y2
‘5 5 5 < 5 < xz F M z F z F MN . 56Ž .A , C , CL ŽG . 1 x 1h ht «
Ž . Ž . Ž .The estimate 37 follows now from 54 and 56 .
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